We derive a mathematical mechanism of infrared catastrophe from the idea for the proof in [22, 23] and generalize it so that we can apply it to several models in quantum field theory. We define the Carleman operator from the operator-theoretical pull-through formula on ground states. Characterizing infrared catastrophe by the Carleman operator, we study the mechanism of infrared catastrophe. And moreover, based on the mechanism, we show some proofs of absence of ground state.
Introduction
The mathematical structure on the infrared problem in quantum field theory has been gradually clarified by the former studies (see [1, 4, 5, 8, 9, 11, 12, 13, 15, 18, 20, 21, 22, 23, 24, 25, 28, 33] and the references in them). In particular, the typical model which represents the case that a ground state exists (resp. the case that any ground state does not exist) under the infrared condition [4, 5] is the Pauli-Fierz model [27] (resp. Nelson model [26] ). When we argue the existence or absence of ground state, the decomposition in [13, Lemma 2.2] suggests that the dipole approximation is essential for the Pauli-Fierz model and Nelson model. Namely, whether a ground state exists or not is determined by the dipole approximation for the two. We give its overview here with symbolic notations. Let H full be the full Hamiltonian of the Pauli-Fierz model or the Nelson model. In order to study whether a ground state for H full exists or not, we first investigate whether the average of the number of bosons at the ground state (i.e., soft bosons) converges or not. By using the symbolic kernel a(k) of the annihilation operator of bosons, if a ground sate Ψ g exists, the average of the number of soft bosons is symbolically given by R ν a(k)Ψ g 2 F dk, where F denotes the norm of the state space F. To estimate a(k)Ψ g F , we use the pull-through formula [14] on the ground state,
which should be mathematically established in a certain sense as remarked in [23] , where E 0 (H full ) is the ground state energy, B PT an operator, and λ a ultraviolet cutoff function with the infrared singularity condition [4, 5] , i.e., λ/ √ ω ∈ L 2 (R ν ) but λ/ω / ∈ L 2 (R ν ) for ω(k) = |k|.
By employing the decomposition, e −ixk = 1 + (e −ixk − 1), as in [13, Lemma 2.2], we get a(k)Ψ g = I dip (k) + I err (k), (1.1)
where I dip (k) is the dipole-approximated term, I err (k) the error term between the original term and the dipole-approximated one, and they are given by
We note that
by using |e −ikx −1| ≤ |x||k|. So, whether the average of soft bosons converges or not is essentially determined by the dipole-approximated term I dip (k). In the case of the Pauli-Fierz model, we get
(see the explanation [21] about [8, 18] ). On the other hand, in the case of the Nelson model, we have
. So, as long as we know well the dipole-approximated model such as the Pauli-Fierz model or the Nelson model, we can realize the above decomposition (1.1) is very useful for the problem on the existence or absence of ground state. In this paper we focus our mind on infrared catastrophe in the case that we are not sure whether a ground state exists for the dipole-approximated model such as the generalized spinboson (GSB) model [3, 5] . Namely, we are interested in a mathematical proof that the divergence of the number of soft bosons implies absence of ground state for such models. Recently, the Carleman operator is used in [24] to describe the condition for existence of a ground state. Conversely, we also define the Carleman operator from the operator-theoretical pull-through formula on ground states [23] in order to argue our problem. Using the description by the Carleman operator and developing the way in [22] to prove absence of ground state, we characterize the mathematical mechanism of infrared catastrophe within a general framework in §2. We apply it to the modified GSB model in §3. Based on the mechanism, we show proofs of absence of ground state within the general framework with weak topology in §4 - §6 and with strong one in §7. After getting our results, we realize that several results on absence of ground state, known already in former works, are derived as corollaries of Theorems 2.4 and 2.7.
Main Results
Let H be a complex Hilbert space and F b (L 2 (S)) the boson Fock space over L 2 (S), where S is arbitrary open subset of R ν ,
Here, for n ∈ N, we denote the n-fold symmetric tensor product of
for simplicity. We consider the Hilbert space
which is the state space of several models in quantum field theory with a standard inner product ( , ) F . Let h : S −→ [0 , ∞) be Borel measurable such that 0 < h(k) < ∞ for almost every (a.e.) k ∈ S with respect to the ν-dimensional Lebesgue measure. We use the same symbol for the multiplication operator by h, acting in L 2 (S). We denote by dΓ(h) the second quantization of h [30, Sect. X.7].
Let A be a self-adjoint operator acting in H bounded from below, µ > 0 a constant, and ω :
The unperturbed Hamiltonian of our quantum filed model is defined by
where I denotes identity operator and D(T ) the domain of an operator T . The operator H 0 is self-adjoint and bounded from below. For ψ ∈ F b (S), we introduce the following notation:
We denote by F b,0 (L 2 (S)) the finite particle space,
We set F b,0 := F b,0 (L 2 (R ν )).
We denote the smeared annihilation operators acting in F b (L 2 (S)) by a(f ) for every f ∈ L 2 (S), where we assume antilinearity in f [30, Sect. X.7]. On F b,0 (L 2 (S)), we get (a(f )ψ) n (k 1 , · · · , k n ) :
Since a(f ) is closable on F b,0 (L 2 (S)), we denote its closure by the same symbol. So, we always regard a(f ) as a closed operator. Let H QFT = H 0 + H I be a self-adjoint operator acting in F and describing a quantum field model. If H QFT has a (normalized) ground state, we denote it by Ψ QFT .
When the operator-theoretical pull-through formula on ground states holds in the same way as in [23] and it has the form of (2.6) below, we define an operator B PT (k) by
, where E 0 (H QFT ) is the ground state energy of H QFT , i.e., E 0 (H QFT ) := inf σ(H QFT ) and σ(T ) denotes the spectrum of a closed operator T . We are preparing the work on the operatortheoretical pull-through formula for several models in quantum field theory [6] .
We set
We assume the following conditions for B PT (k):
(PT1) B PT (k) is determined for every k ∈ R ν \ {0} as an operator acting in F and B PT (·)Ψ is measurable for every Ψ ∈ D(H 0 ), i.e., for every Φ ∈ F and Ψ ∈ D(H 0 ) (Φ , B PT (·)Ψ) F :
For every ε ≥ 0, we set
Following this decomposition, for every f ∈ L 2 (R ν ) we define f <ε ∈ L 2 (R ν <ε ) and f >ε ∈ L 2 (R ν >ε ) by
where χ |k|<ε and χ |k|>ε are characteristic functions defined by
As is well known, there exists a unitary operator U ε such that
We define the number operator N acting in F by
Moreover, for every ε > 0, we define N (ε) acting in F b by
and an operator N >ε acting in F by
We sometimes denote N by N >0 .
Symbolically, the average of the number of bosons at the state Ψ ∈ F is give by
by Lebesgue's monotone convergence theorem. Thus, D CNB is the state space such that the average of the number of bosons at the state in D CNB converges. We call sup ε>0 N
By Lemma 2.1, we can give a decision whether the average of the number of soft bosons is con-
in this paper. Then, through this identification we can denote all Ψ ∈ F by
For each n 1 , n 2 ∈ N, we introduce the following notation:
Similarly, we use the following identification. 
When a ground state Ψ QFT of H QFT exists, we can define an F-valued function
For the ground state Ψ QFT , we define the maximal Carleman operator T PT for the ground state by 
Proof: In the same way as in [23, Proposition 3.1],
. This equality and (2.6) imply Proof: (i) We use the reduction of absurdity. So, we suppose that ω(·) −1 J err (·)Ψ QFT ∈ L 2 (R ν ; F).
So, by Lebesgue's monotone convergence theorem and taking ε → 0, we have
Thus, (Ψ QFT , Φ) has to be zero, i.e., (Ψ QFT , Φ) = 0. Since D(N 1/2 ) is dense in F, we obtain Ψ QFT = 0, which contradicts Ψ QFT is the ground state.
(ii) can be proven similarly to (i). (Ass2) There exist a function λ IR ∈ L 2 (R ν ) and an operator B IR (k) acting in F for every k ∈ R ν such that
We prove this theorem in §5. From this theorem, we obtain the following generalization of the method in [22] . 
28)
and B IR (0)Ψ QFT = 0.
Proof: We prove our corollary by the reduction of absurdity. So, we suppose that there is a ground state satisfying (2.28) and B IR (0)Ψ QFT = 0. By Theorems 2.4 and 2.7, we get (Φ , B IR (0)Ψ QFT ) F = 0 for all Φ ∈ D(N 1/2 ). Since D(N 1/2 ) is dense in F, we have B IR (0)Ψ QFT = 0, but it contradicts the assumption B IR (0)Ψ QFT = 0.
Proof: We get easily
Thus, corollary follows from Theorem 2.7.
Remark 2.2 For the Nelson model, B IR (0) = I ⊗ I, so that B IR (0)Ψ QFT = 0, if a ground state Ψ QFT exists. And moreover, by [22, 23] , 
For all Ψ ∈ H ⊗ F b,0 , we define a(ρ(C, ·)) by (a(ρ(C, ·))Ψ) n (k 1 , · · · , k n )
Then, it is easy to check that
We can check that for Ψ ∈ H ⊗ F b,0 (a(ρ(C, ·)) * Ψ) (0) = 0, (3.4) (a(ρ(C, ·)) * Ψ) (n) (k 1 , · · · , k n )
so that D(a(ρ(C, ·)) * ) is dense in F, which implies a(ρ(C, ·)) is closable. Thus, we denote its closure by the same symbol. Then, for α ∈ R \ {0} we define the interaction by
We modify the original GSB model in [3] so that it includes models such as in [11] . Then, the total Hamiltonian H of GSB model is defined by
acting in F.
In the same way as in [3, Proposition 1.1], we obtain We set E 0 (H) := inf σ(H), (3.8) which is called the ground state energy, and
Here we add the following additional assumptions:
) and ∂ω(k)/∂k n = 0 on R ν \ {0}, n = 1, · · · , ν.
We are interested in the situation with the following condition:
which is called the infrared singularity condition in [4] . , (A.3) is a technical assumption. We can extend our results so that λ = χ |k|<Λ for a fixed constant Λ > 0, a ultraviolet cutoff. 
Remark 3.1 Actually
(3.10)
The following corollary follows from this theorem, which is a revision of [5, Lemma 5.1] with a simple proof.
where Q 0 := 1 − P 0 and P 0 is the orthogonal projection on ker H. 
Then, H has no ground state Ψ QFT in F satisfying B IR (0)Ψ QFT = 0.
Then, (Ass2) is satisfied. Noting
by (3.14) . By Proposition 3.5, B IR (0)Ψ QFT = 0. Thus, by Corollary 2.8 we obtain our theorem.
Proof of Theorem 2.4
Let Φ ∈ D CNB . We define a functional F Φ (f ) :
Since Φ ∈ D(N 1/2 >ε ) for every ε > 0 and Ψ QFT is normalized, we get
, we get a bounden functional from L 2 (R ν >ε ) to C as the extension of F Φ . We denote it by the same symbol, i.e., F Φ (f ) :
By this and (4.2), we get
Thus, (K PT (·) , Φ) ∈ L 2 (R ν ), which means Φ ∈ D(T PT ). Then, Lemma 2.2 completes our theorem.
Proof of Theorem 2.7
Suppose Φ ∈ D(T PT ) satisfies
by (2.24) . So, we can define F ∈ L 2 (R ν ) by
In the same way as in [22, 23] , for k = 0
where we note that ( H QFT + ω(k)) −1 H QFT and ( H QFT + ω(k)) −1 B PT (k) are bounded for k = 0 by (PT2). So, for every ε > 0, as an identity on L 2 (R ν >ε ), by (5.1) we get
Since F ∈ L 2 (R ν ), by Lebesgue's monotone convergence theorem, we have
Thus, we have
Proofs of Theorem 3.3 and Its Corollaries
Proof of Theorem 3.3: Here we prove Theorem 3.3 with the same way as in [23] . By [5, (5.7)], we have
For Ψ ∈ D(H), by using Fubini's theorem and Lebesgue's dominated convergence theorem, we get Then, (3.9) follows from (6.2) and (6.3).
Proof of Corollary 3.4:
We have only to use the first step to derive the decomposition in [21, (17) ] (see also [22, 23] ). Namely, since H( H +ω(k)) −1 and (B ⊗I)( H +ω(k)) −1 are bounded, we have
on D(H 0 ), (3.11) follows from this equality and (3.9).
Proof of Proposition 3.5: 
We prove the following theorem: To prove this theorem, it is convenient to introduce the kernel a(k) of the annihilation operator. Fix k ∈ R ν arbitrarily. Then, the kernel a(k) of the annihilation operator is given by (a(k)ψ) (n) (k 1 , · · · , k n ) := √ n + 1ψ (n+1) (k, k 1 , · · · , k n ) (7.1) for n = 0, 1, 2, · · · and ψ ∈ D S : In order to extend the domain of a(k), we introduce the facts we use in this paper following Gross' work [19] and Sloan's [31, 32] . Proof: We fix ε ≥ 0 and ψ ∈ D(N (ε) 1/2 ) arbitrarily. Since D S is a core for N (ε) 1/2 , there exists a sequence {ψ ν } ∞ ν=1 ⊂ D S such that ψ ν → ψ and N (ε) 1/2 ψ ν → N (ε) 1/2 ψ as ν → ∞. So, since ψ ν , ψ ν ′ ∈ D S , we get
as ν, ν ′ → ∞, which implies a(·)ψ := ∃ s -lim ν→∞ a(·)ψ ν ∈ L 2 (R ν >ε ; F b ). (7.4) For every f ∈ L 2 (R ν >ε ), we get Therefore, we have our lemma.
Proof of Theorem 7.1: We use the reduction of absurdity. So, suppose there is a ground state Ψ QFT such that K ∈ L 2 (R ν ; F) and (Ψ QFT , a(λ)Ψ QFT ) F = 0. Then, by Lemmas 2.1, 7.2, and Corollary 3.4, we have K(·) = a(·) + αλ(·) √ 2ω(·) (B ⊗ I) Ψ QFT ∈ L 2 (R ν >ε ; F), ∀ε > 0.
Since K(·) ∈ L 2 (R ν ; F) = L 2 (R ν >0 ; F), by taking ε → 0 with Lebesgue's monotone convergence theorem, a(·) + αλ(·) √ 2ω(·) (B ⊗ I) Ψ QFT ∈ L 2 (R ν ; F). Thus, since we have m(Ψ QFT ) = 0 by Proposition 3.5, (7.10) and (7.11) imply
provided that Ψ QFT (ν) = 0. Therefore, Ψ QFT (ν) has to be the zero, i.e., Ψ QFT (ν) = 0. This means Ψ QFT = s -lim ν→∞ Ψ QFT (ν) = 0, which contradicts that Ψ QFT is a ground state.
